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Examples of uncertainty in complex systems
Sensitivity analysis (SA) vs. Uncertainty analysis (UA)
Probability theory

Example of deriving distributions for a material
Methods and tools for uncertainty propagation

Margin Assessment with Uncertainty (QMU)
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Input / Environment System Output / Response| | Threshold
— —
Y S X A
AUncertainty in some features ¥f S, and/orA

I Sources includanherent variabilityandignorance
I Present inmodel predictionandexperimental observations

AProbabilistic models are one way to quantify the effects of
uncertainty on output properties
I Based on data, theory, and/or expert opinion

I Calibration / validation of probabilistic models is possible (and
necessary)

AProbabilistic representation for input and/or system description
Implies probabilistic representation for output

AResult: predictions of system performance with quant@dﬂm

Uncertainty in complex systems

uncertainties e tes



Example of unit-to-unit variability
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Sensitivity analysis vs. uncertainty analysis

AThey are different

ASensitivity Analysis (SA):
I How do my code outputs vary due to changes in my code inputs?

I Local sensitivity code output gradient data for a specific set of code
Input parameter values

I Global sensitivitythe general trends of the code outputs over the full
range of code input parameter values
AUncertainty Analysis (UA):
I What are the probability distributions on my code outputs, given the
probability distributions on my code inputs?
Alt may be possible to do SA and UA simultaneously

Alf there is uncertainty in a parameter and output is sensitive t
the value of that parameter, then UA is needed Notowa
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Random variables: definitions

MATLAB code

AlLet X be a random variable L
i Cumulative distribution function | #(z)
(CDF)
0.5¢

Gaussian

Flz)=Pr(X <z), —0o<z < —— Uniform
— Exponential
i Probability density function T 0 2
(PDF) 1 ’
- /(=) iy s
L P o FU=unifcdf (xx,-a,a):
f(l) = d.’E F(l) 05! plot(xx,FU,’r’); |
AThe 3 CDFs/PDFs of shown i N\
here have zero mean and unit “"”.’{ 0 5
\/EifiEif]()EE fU=unifpdf (xx,-a,a); N

plot(xx,fU,’r?);
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%ome properties of random variables:

statistical moments
AAbsolute moments of

o0 ;
E[X?] = / 22 Hlz)ide, 9= 1 p =1 gives the meah
—oc o of X, denoted byn

ACentral moments of

El(X — 1,)P] — h v — VP f(x)de | |P= 2 gives the variance
(X == [ - pp fe)do | |BEEENECHENS

AComments

I For applications, we often only know some of the moments
(statistics) ofX

I Xis only partially defined by its moments (a complete definition
requires the PDF or CDF) Sandia
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Random variables: sample generation

n independent samples of Gaussian random varkable
with m= 0 ands = 1 by Monte Carlo simulation

Normalized histogram
4 . - - ' 0.5 - -
n = 500 —0.146 <p < 0.0202
° 0.892 <g < 1.009
(5] o
Saie .;'
Ny M f(z)

200 300 0—4 0 4
Sample # T
hist(x,25) ;hold
x=randn(500,1); xx=linspace(-4,4,250);
plot([1:500],x); f=normpdf (xx,0,1);
plot(xx,f) m
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Some commonly used PDFs

o Normal (Gaussian) 1 Exponential 3 Beta
' £ _ ) Example: bounded
xample: design henomena
life of a light bulb 2 P
0.2 0.5 | /(\
1
P 0 0
-2 0 2 0 5 0 0.5 1
Poisson Geometric Discrete uniform
0.4 - | 0.3 l I 0.2
xample:
Number of 0.2 Example: Coin toss R T T T T
rainstormsf/year | Example: roll of a
e @ G single die
I I 0.1 I : 2
0 5 10 1 2 3 4 5 6 1 2 34 5 6
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Random variables: modeling techniques

AZO Independent Samplesmf Normalized histogram
I X, X5, B 08 —
1. 2 EZO . . "fr'i.‘- = 0.65 Lgaaljssmn
AStatistical considerations Uniform
— Beta
T Method of moments |
I Method of maximum likelihood 0.4f
I Bayesian Techniques
APhysical considerations
T Is X continuous or discrete? 0
T Is X bounded?
I Is PDF ofX symmetric aboux = 0?7 [£hN1, £hN2) =normfit (x) ;
. . 1G=prod (normpdf (x,thN1,thN2));
AOther considerations

I Conservatism / ease of use Tools: Matlab Minita%

"IIH — I::l_,";

I What are the consequences / tradepEscel, JMP
between the different models?
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Two or more random variables:
random vectors

ALetX = (X,, X,) be a random vector’, """
I Joint CDF .

Gaussian CDF

F(x1,z2) = Pr(X; <z1N X5 < x9)

T Joint PDF

0? Fx. x,(21,22) Gaussian PDF

Fxy x:(Eys @) = s O F(z1,22)

0.2

0.1

I Special caseX; andX, are independent
(this is a very strong condition)

Pr(X,/X5)=Pr(X)  Pr(%|X)=Pr(X,)

Pr(X; <1/4N X3 <3) =Pr(X; < 1/4) - Pr(X, < 3)




Ad
Random vectors: correlation / covariance

ACorreIation ofX = (Xl, Xz) fx,.x,(Z1,22) | werandn(2,100);

r=[1 .25;.25 1];

| . ¥=chol(r)+w;
C(,)I'I'(Xl ) XQ) — E[Xl Xg] Gaussian PDF A | ploti(x(1,:),x(2,:),%0%)

0.1

ACovariance oK = (X, X,)

Cov(X1,X2) =E[(X) — p1) (X2 — p2)]

o C{H’(X[..Xg}
~ /Cov(X1, X,) - Cov(X2, Xo)

0

ASpecial casexX; andX, are
uncorrelated

COV(X;[, X2) =0

This does not meax, and
X, are independent!
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%t misconception of uncertainty analysis:

NNature |1 s Gauss

A Anal ogous to fANature is Li
A Most natural phenomena is bounded and not symmetric

A Example$ of nonGaussian behavior are everywhere!
I Agriculture (plant size, grain yield)
I Astronomy (sunspot activity, earth rotation)
I Economy (unemployment, electricity demand)

|

Environment (wind/pressure forces, ocean wave elevation,
seismic ground motion)

| Material properties (elastic modulus, fatigue crack growth)
I Medicine (patient survival time, glucose intolerance)

I Hydrology (precipitation, river flow)

I Transportation (road roughness, ambulance arrival times)

1Examples taken from: M. Grigoridpplied NorGaussian ProcessgBrentice Hall, 1995. S?M't'iodal
na
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xample of nonGaussian phenomena:
Material mechanics

Polycrystals in aluminum
Grain geometry g | Atomlc ‘Iattlce grlentatlon |
0.35 | Histogram of @ '_,8; Correlation function of @,
0.3}
025 | 08 |
D2
041
015
0.1}
0.05 | ol
SRR e i 0 50 100 150 200
""1 distance

|14

sy Longrange dependencg
osf Model of civariance ‘
07k function, x ”

1 (long range dependence)

05t b

04| Estimated covariance |
8 : % function
g WP N

’ NonGaussan O-‘ | ' ST SO Sandia

“a 20 40 80 ) 100 0 10 20 0 40 50 National
A spaca lag ( x-coordinate) Lwaatm




A
*ﬁxample of nonGaussian phenomena:

Dynamic excitation

Coastal wave
elevation (m) at
Duck, NC in 1980

z “1 l | 04} _—fﬂ__ ] Rail K
#L‘JM l, Jlﬁ,’p*"ulw )ﬂ o / | | irregalllgfilt)i/et;a((r:nm)
of ‘{W * 'Wi" | J H[ for 500 meter track

= LIL AL 3
0 100 200 300 -5 -25 0 25 5 Sandia
wos X @ National
Laboratories




;’7

Estimation of Foam Mechanical Properties

AFoam mechanical properties and variation necessary for
model validation and uncertainty quantification studies

ALimited number of foam samples available
AStructural dynamics model to be developed
iLinear el astic (density, el a
I No Failure modeling
AAnalysis will be done using
I Optimization
I Bayesian updating
Sandia
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Experiment Description

AFoam samples 1.5 inches
by 0.5 inches thick

ANine total samples

AA steel ball bearing
dropped on sample

AAcoustic emissions
measured and analyzed fogs
natural frequencies |

ADensity estimated by
measuring dimensions of
sample and weighing.
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Optimization
Sample Elastic Poi ss 3 éf i g 62
Number | Modulus (E) Ratio Q= a | calc
@s) | () AE 7 8
1 120,600 0.192 LG Teale T
5 112 780 0201 | ACost Function a least
3 116090 0.199 sqguares fit to the data
4 103,080 0201 | AFind E, nu such that
° 117,940 0.198 error is minimum
6 109,850 0.200 .
7 107,630 0.197 AFit dalta _frgm_deaclfr
8 109,710 | 0.204 sampie individually
9 111,190 0.197 | AFrequencies are
Mean | 112,100 0.199 correlated Sanda.
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Likelihood er.
] ADifficult to solve
p(cﬁ e) p(e(q) p(fQ analytically except for a

_ — _ .. few special distributions
Posterior Distribution Prior D'St”bunoﬁTypically solved using

Bayesian Updating

Markov Chain Monte
Ad are the vari@ahdp@avcy f

Interest ASome form of surrogate

| E'aSt_'C Modulus ~model typically necessary
TPoil ssonds ratio

I Statistical spread of error

AU is the normali zed

frequency error
g y -
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} Comparison of Results

« Elastic Modulus ~ _Poil ssonos

- Bayes - Bayes
=== Opimization === Opimization
1001

8o
& 2f . S 60
o o

40}

It |\

%.8 0.9 1 11 1.2 13 14 O0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

Elastic Modulus, (psi) x10° Poisson's Ratio

ADifferent techniques give different distributions

Almportant to describe assumptions and formulations
ATechniques exist to assess which model is more appropriate
ABoth are correct within their assumptions
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Methods for uncertainty propagation

Input / Envircm-ﬂput/ Response

Given representations for uncertainty inY and/or S, how
do we propagate this information toX ?

ASamplingbased methods (Monte Carlo, LHS)
I General, simple, robust
I Easily used with deterministic FE codes
i Error estimates provided (confidence intervals)
I Require many samples to estimate small probabilities

AReliability-based methods (AMV, AMV+, FORM, SORM)
I Can estimate small probabilities with far fewer samples
I Assumptions may not be validd, linearity of failure surface)
I Can be inaccurate (may diverge) and no error estimates provided
I In general, limited to single failure mode or scalar response
)
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More on Monte Carlo simulation

ATool for numerical integration
I Most quantities of interest in uncertainty analysis can be

expressed as integrals

E[X?] :/ x? f(x)dx Pr(X € A) :/ f(z)dx
A

— 00

I Developed at LANL in the 1940s
AExample: ratio of area of square to area of inscribed circle

n = 100
0.792 <1 < 0 ‘))8
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